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Quantum kicked top is a fundamental model for time-dependent, chaotic Hamiltonian system
and has been realized in experiments as well. As the quantum kicked top can be represented as a
system of qubits, it is also popular as a testbed for the study of measures of quantum correlations
such as entanglement, quantum discord and other multipartite entanglement measures. Further,
earlier studies on kicked top have led to a broad understanding of how these measures are affected
by the classical dynamical features. In this work, relying on the invariance of quantum correlation
measures under local unitary transformations, it is shown exactly these measures display periodic
behaviour either as a function of time or as a function of the chaos parameter in this system. As the
kicked top has been experimentally realised using cold atoms as well as superconducting qubits, it
is pointed out that these periodicities must be factored in while choosing experimental parameters
so that repetitions can be avoided.
PACS numbers: 05.45.Mt, 03.65.Ud, 03.67.-a
I. INTRODUCTION
Periodically kicked quantum systems are popular mod-
els of Hamiltonian chaos. Their popularity, in part, arises
from the relative ease of analysis. The quantum dynam-
ics of such systems can be reduced to a Floquet map,
while in the classical limit, the dynamics can be reduced
to a set of difference equations. The quantum kicked top
is a prominent member of this class and it physically rep-
resents a repeating sequence of free precession and state-
dependent rotation (kick). For sufficiently large kick
strengths, the system displays chaotic classical dynamics.
Several approaches to experimental realization of quan-
tum kicked top were suggested [1] and was attained using
a cloud of cold Cs atoms in the total hyperfine spin of its
ground state interacting with time-dependent magnetic
fields [2].
In the last two decades, kicked top was widely used to
study the interplay between chaotic dynamics and quan-
tum correlations in the context of continued interest in
quantum information and computation. The kicked top
has a natural representation in terms of spins or qubits
and this makes it a suitable choice for studies on entan-
glement. In this approach, the number of spins tend-
ing to infinity represents the classical limit of kicked top.
Hence, this model continues to attract research interest
[3–8] for the study of entanglement [9–14] and its rela-
tion to classical dynamics [15], signatures of bifurcations
on various quantum correlation measures [3], quantum-
classical correspondence in the vicinity of periodic orbits
[4] and quantum metrology [16]. Measures of quantum
correlations have been found to strongly correlate with
the qualitative nature of classical phase space, whether
it is regular or chaotic [3, 7, 9, 14, 17, 18]. In general,
as demonstrated extensively in a series of papers using
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kicked tops [2, 3, 7, 9, 14, 17–19], the qualitative nature
and details of classical dynamics influences entanglement.
In addition, classical dynamical features such as the bi-
furcation also affect the quantum correlation measures
with interesting semiclassical consequences [3]. Similar
results have been obtained for other measures of quantum
correlations such as quantum discord and Mayer-Wallach
Q measure.
Unlike the earlier experimental effort [2] involving ma-
nipulation of atomic and nuclear spins, recently kicked
top was realized in a system of just three superconduct-
ing qubits (‘spins’) examining its behaviour in the deep
quantum regime [19]. The latter experiment has verified
the theoretically predicted connections [11–13] between
chaotic dynamics and bipartite entanglement. Quite re-
markably, ergodic behaviour in this isolated quantum
systems was demonstrated [19]. Surprisingly, a recent
theoretical work has shown that even in the deep quan-
tum limit possible with just two qubits, the system ap-
pears to take into account the nature of classical dynam-
ics in the vicinity of the phase space coordinates where
the spin coherent state is initially placed [7]. Further,
this work also hints that the entanglement entropy might
display (quasi-)periodic behaviour in time and also as a
function of kick strength. This observation, if general-
ized, has important implications for both experimental
and theoretical work on kicked tops. Let us consider
a kicked top system with j representing the total spins
and k its kick strength. This corresponds to 2j num-
ber of spin-1/2 particles. If a quantum correlation mea-
sure, say A, for this kicked top displayed periodic be-
haviour, then for a given initial state we can expect the
following functional relations; A(t; k, j) = A(t+T ; k, j) or
A(t; k, j) = A(t; k+κ, j) representing periodic behaviour
in time t and kick strength k with periodicities, respec-
tively, T and κ.
This implies that for a fixed number of qubits quantum
correlations will repeat after a certain time period T or
after certain value kick strenth κ. Thus, generally and
2crucially in an experimental context, the choice of k and j
indirectly sets the upper limit T and κ before repetitions
begin to occur. This argument can be turned around
to derive another useful information. If an experimen-
tal realization of the kicked top is expected to maintain
coherence for time-scale τcoh, then the question is about
the values of k and j that must be used in order to ex-
plore unique time evolution until time τcoh. The mean
coherence time τcoh is generally a function of experimen-
tal (and environmental) parameters, and together with
values of j and k will uniquely determine the relevant
timescale for the experiment to be min(τcoh, T ). Thus,
the present study of the periodicities in the kicked top
will serve as a crucial guide for experimental efforts to
make the appropriate choice of parameters.
In this work, we show exactly that the time varia-
tion of quantum correlations of kicked top displays non-
trivial periodicity provided the total spin j = 1 and kick
strength is of the form k = rpi/s, r and s being integers.
This includes the special case of two qubits, j = 1, al-
ready reported in Ref.[7]. Further, it is also shown that
for any j > 1, though quantum correlations do not show
temporal periodicity, they display periodic behaviour in
kick strength k. Thus, this periodicity holds good in the
semiclassical limit of large j as well. The structure of the
paper is as follows: In Sec. II the measures of quantum
correlations are introduced. In Sec. III the kicked top
model is introduced. In Sec. IV analytical results on the
periodicity of quantum correlations as a function of chaos
parameter k are given. In Sec. V reflection symmetry of
phase space in k and its experimental consequences are
discussed. In Sec. VI analytical results on time periodic-
ity for the case of a two-qubit kicked top is studied.
II. MEASURES OF QUANTUM
CORRELATIONS
A. von Neumann entropy
Let us consider a standard bipartite system A⊗B com-
posed of two smaller subsystems denoted as A and B,
having Hilbert spaces HA(N) and HB(M) (with dimen-
sions N and M) respectively. For simplicity, N ≤ M
can be assumed and the full system belongs to the prod-
uct Hilbert space H(MN)AB = HA(N)⊗HB (M). Consider a
normalized pure state |ψ〉 = ∑Ni=1∑Mα=1 ci,α|i〉 ⊗ |α〉 of
the full system A⊗B, where |i〉⊗ |α〉 is the orthonormal
basis of HAB. Its density matrix is ρ = |ψ〉〈ψ| satis-
fying the Tr[ρ]=1 condition. The reduced density ma-
trix of the subsystem A is obtained by tracing out B i.e.
ρA = TrB[ρ] =
∑M
α=1〈α|ρ|α〉. Similarly, the subsystemB
is described by ρB = TrA[ρ]. The singular value decom-
position of the matrix ci,α gives the following Schmidt
decomposition form:
|ψ〉 =
N∑
i=1
√
λi |uAi 〉 ⊗ |vBi 〉 (1)
where |uAi 〉 and |vBi 〉 are the eigenvectors of ρA and ρB
respectively, with the same eigenvalues λi. The eigenval-
ues λi ∈ [0, 1] are such that
∑N
i=1 λi = 1. The remaining
M −N eigenvalues of ρB are identically equal to zero.
Given the Schmidt eigenvalues λi (i = 1 . . .N), entan-
glement between A and B, where von Neumann entropy
is used as a measure, is given as follows:
SV N = −tr(ρA log ρA) = −
N∑
i=1
λi ln(λi). (2)
This is a good measure of entanglement for a bipartite
pure state [20, 21]. It satisfies 0 ≤ SV N ≤ ln(N), where
zero corresponds to a separable state and ln(N) corre-
sponds to a maximally entangled state.
B. Quantum Discord
Quantum discord measures all possible quantum cor-
relations including and those beyond entanglement in a
quantum state [22, 23]. This method involves removing
the classical correlations from the total correlations of the
system. Now the procedure to evaluate discord will be
given in detail [3]. For a bipartite quantum system hav-
ing density matrix ρAB, total correlations are quantified
by the quantum mutual information given by,
I(B : A) = H(B) +H(A)−H(B,A). (3)
On the other hand, the classical mutual information,
based on Baye’s rule, is given by
I(B : A) = H(B)−H(B|A), (4)
where H(B) denotes the Shannon entropy of B. The
conditional entropy H(B|A) is defined as the average of
the Shannon entropies of system B conditioned on the
values of A. It can be thought of as the ignorance of B
given the information about A [24].
The quantum measurements on the subsystem A are
represented by a set of positive-operator valued measure
(POVM) {Πi}, such that the conditioned state of B for
given outcome i is equal to
ρB|i = TrA(ΠiρAB)/pi and pi = TrA,B(ΠiρAB) (5)
and its entropy is H˜{Πi}(B|A) =
∑
i piH(ρB|i). In
this case, the quantum mutual information is equal to
J{Πi}(B : A) = H(B) − H˜{Πi}(B|A). Maximizing this
over all possible measurement sets {Πi} one obtains
J (B : A) = max{Πi}
(
H(B)− H˜{Πi}(B|A)
)
= H(B)− H˜(B|A) (6)
3where H˜(B|A) = min{Πi}H˜{Πi}(B|A). The minimum
value is achieved using rank-one POVMs due to concave
nature of the conditional entropy over the set of convex
POVMs [25]. By taking {Πi} as rank-one POVMs, the
quantum discord is defined as D(B : A) = I(B : A) −
J (B : A), such that
D(B : A) = H(A)−H(B,A) + min{Πi}H˜{Πi}(B|A).(7)
The quantum discord is shown to be non-negative for all
quantum states [22, 25, 26] and is subadditive [27]. For
the bipartite pure state, the quantum discord is shown
to be equal to the von Neumann entropy [22, 23].
C. Concurrence and the 3-tangle
Concurrence [28, 29] is a measure of entanglement
present between two qubits. This measure was used
to study phase transition in the Heisenberg chain [30].
Given two qubit density matrix ρAB, firstly the spin-
flipped state ρ˜AB = σy ⊗ σyρ∗ABσy ⊗ σy is calculated,
where σy is the Pauli matrix and the complex conjugation
is done in the standard basis. Then the eigenvalues of the
non-Hermitian matrix ρAB ρ˜AB are obtained, which are
all real and non-negative such that λ4 ≤ λ3 ≤ λ2 ≤ λ1.
Then, the concurrence C12 = C(ρAB) is equal to
max (0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4) (8)
and 0 ≤ C12 ≤ 1. It is zero for separable state and one for
maximally entangled state. It is shown that the entan-
glement of formation [31] of ρAB is a monotonic function
of concurrence [32, 33]. For the Bell state, concurrence
is equal to one.
The 3-tangle is a pure multipartite entanglement mea-
sure for pure as well as mixed three-qubit states [34].
For the case of a three-qubit pure state, it is given by
τ = C21(23) − C212 − C213 [34], where Cij measures the
concurrence between i-th and j-th qubits. The quantity
C1(23) is the concurrence between qubit 1 and the pair
of qubits 2 and 3. This is because in a three-qubit pure
state, the reduced density matrix of qubits 2 and 3 is of
rank-2. The 3-tangle τ is permutationally invariant and
satisfies 0 ≤ τ ≤ 1 [34]. For given concurrence C12 the
maximum 3-tangle τ a three-qubit pure state can have
has been calculated [35]. States satisfying these limits
have also been evaluated.
D. Meyer and Wallach Q measure
This multipartite entanglement measure [36] was stud-
ied earlier in the context of spin Hamiltonians [37–39],
system of spin-bosons [40] and how it is affected due to
the classical bifurcation in the kicked top model [3]. The
geometric multipartite entanglement measure Q is shown
to be related to one-qubit purities [41], making its cal-
culation and interpretation straightforward. If ρi is the
reduced density matrix of the ith spin obtained by trac-
ing out the rest of the spins in a N qubit pure state then
the Q measure is defined as follows:
Q(ψ) = 2
(
1− 1
N
N∑
i=1
Tr(ρ2i )
)
. (9)
The relation in Eq. (9) between Q and the single spin re-
duced density matrix purities has led to a generalization
of Q measure to multiqudit states as well as for various
other bipartite splits [42].
III. KICKED TOP
The quantum kicked top is characterized by an angu-
lar momentum vector J = (Jx, Jy, Jz) and its compo-
nents obey the standard algebra of angular momentum.
Here, the Planck’s constant has been set to unity. The
Hamiltonian governing the dynamics of the top is given
by
H(t) = pJy +
k
2j
J2z
+∞∑
n=−∞
δ(t− n). (10)
The first term represents the free precession of the top
around y−axis with angular frequency p while the sec-
ond term is periodic δ-kicks applied to the top. Each kick
gives a torsion about the z−axis by an angle (k/2j) Jz.
Here, k is called as the chaos parameter or the kick
strength. For k = 0 the classical limit of Eq. (10) is
integrable and for k > 0 it becomes increasingly chaotic.
The corresponding period-one Floquet operator of the
Hamiltonian in Eq. (10) is given as follows:
U = exp
(
−i k
2j
J2z
)
exp (−ipJy) . (11)
The Hilbert space dimension is equal to 2j + 1 implies
that the dynamics can be explored without any trunca-
tion of the Hilbert space. The kicked top has been real-
ized in various experimental test beds, in hyperfine levels
of cold Cs atoms and coupled superconducting qubits
[2, 19], in which p = pi/2. In [19], it was found that the
time-averaged von Neumann entropy showed the clear re-
semblance with the corresponding classical phase-space.
The quantum kicked top for given angular momentum
j can be considered equivalent to a quantum simulation
of a collection of N = 2j number of qubits (spin-half par-
ticles) whose evolution is restricted to the subspace which
is symmetric under the exchange of the qubits. The state
vector is restricted to a symmetric subspace spanned by
the basis states {|j,m〉; (m = −j,−j + 1, ..., j)} where
j = N/2. The basis states satisfy the property Sz|j,m〉 =
m|j,m〉 and S±|j,m〉 =
√
(j ∓m)(j ±m+ 1)|j,m ± 1〉
where Sz and S± are collective spin operators [43, 44].
The states {|j,m〉} are also known as Dicke states. Thus,
it is a multiqubit system whose collective behaviour is
4FIG. 1. (Color online) Phase-space pictures of the classical
kicked top for p = pi/2 and (a) k = 1, (b) k = 2, (c) k = 3
and (d) k = 6.
governed by the Hamiltonian in Eq. (10) and the quan-
tum correlations between any two qubits can be studied.
The classical phase space is displayed in Fig. 1 as a
function of coordinates θ and φ. In order to explore
quantum dynamics in the kicked top, spin-coherent states
[45–48] pointing along the direction of θ0 and φ0 are con-
structed and are evolved under the action of the Floquet
operator. The classical map for the kicked top is given
as follows [45, 49]:
X ′ = (X cos p+ Z sin p) cos (k (Z cos p−X sin p))
−Y sin (k (Z cos p−X sin p)) , (12a)
Y ′ = (X cos p+ Z sin p) sin (k (Z cos p−X sin p))
+Y cos (k (Z cos p−X sin p)) , (12b)
Z ′ = −X sin p+ Z cos p. (12c)
Here, the dynamical variables (X,Y, Z) satisfy the con-
straint X2 + Y 2 + Z2 = 1, i.e., they are restricted to be
on the unit sphere. Thus, it is possible to parameterize
them in terms of the polar angle θ and the azimuthal
angle φ as X = sin θ cosφ, Y = sin θ sinφ and Z = cos θ.
First, the map in Eq. (12) is evolved and then the values
of (θ, φ) are determined using the inverse relations, which
are not shown here.
Another feature of this map is that under the trans-
formation k → −k the phase-space is reflected about
θ = pi/2. This is because k → −k is equivalent to the
transformation X → −X and Z → −Z in Eq.(12). This
implies Z ′ → −Z ′ which results in θ → pi − θ. Thus, the
phase-space corresponding to k and −k are isomorphic to
each other. This can be seen from Figs. 1(b) and 2(c), as
well as from Figs. 1(c) and 2(d). This has experimental
implications which will be discussed in later part of the
paper.
FIG. 2. (Color online) Phase-space pictures of the classical
kicked top for k = 3pi/5 and (a) p = pi and (b) p = 2pi. Same
for p = pi/2 and (c) k = −2 and (d) k = −3.
1. Classical map for various values of p
In this work, the model is studied for various values
of p. Thus, it will be helpful to study the corresponding
map equations and the phase-space. First, the case of
p = pi/2 is considered. In this case, due to additional
symmetries, a simpler classical map can be obtained and
was studied in detail in Refs. [2–4, 14, 17, 19, 45]. In this
case, the map given in Eq. (12) reduces to
X ′ = Z cos (kX) + Y sin (kX) ,
Y ′ = Y cos (kX)− Z sin (kX) ,
Z ′ = −X.
(13)
The phase-space obtained using these equations is
displyed in Fig. 1. It can be seen that for k = 1 and
k = 2 the phase-space is mostly covered by regular or-
bits. The trivial fixed points at (θ, φ) = (pi/2,±pi/2) can
be seen in Fig. 1(a) and Fig. 1(b) becomes unstable at
k = 2. As k is increased further the chaotic regions are
increased. At k = 6 the phase-space is covered mostly by
the chaotic sea with very tiny regular islands.
The map for p = 3pi/2 can be obtained from that of
p = pi/2 by the transformation X ′ → −X ′ and Z ′ →
−Z ′. This implies φ → −φ and θ → pi − θ which are
reflections about φ = 0 and θ = pi/2. Thus, the phase-
space, as well as other properties, can be obtained by
taking these reflections.
Now consider the case of p = pi. In this case using
Eq. (12) the classical map is obtained as follows:
X ′ = Y sin (kZ)−X cos (kZ) ,
Y ′ = Y cos (kZ)−X sin (kZ) ,
Z ′ = −Z.
(14)
The phase-space is plotted in Fig. 2(a). It can be seen
that there is no fully developed chaos since for given
5initial Z the angle θ oscillates between cos−1 Z and
pi − cos−1 Z. Both these values are reflection about pi/2
which can also be seen in the figure.
For the case p = 2pi the map equations are
X ′ = X cos (kZ)− Y sin (kZ) ,
Y ′ = X sin (kZ) + Y cos (kZ) ,
Z ′ = Z.
(15)
The phase-space is plotted in Fig. 2(b). In this case too
there is no fully developed chaos and for given initial Z
the angle θ remains fixed at cos−1 Z.
IV. PERIODICITY OF QUANTUM
CORRELATIONS AS A FUNCTION OF CHAOS
PARAMETER
In this section, it will be shown analytically and
through numerical simulations that the quantum corre-
lations display periodicity as a function of kick strength
k. In particular, it will be shown that for a fixed value of
j and for a given initial state, the quantum correlations
are periodic in k, with κ = 2jpi being its periodicity.
1. j = 1 case
Let us consider the simplest case of j = 1 which is
equivalent to two qubits. Then, the basis states are
|1,−1〉, |1, 0〉 and |1, 1〉. The standard two qubit ba-
sis states are {|0〉1|0〉2, |0〉1|1〉2, |1〉1|0〉2, |1〉1|1〉2} (sub-
scripts label qubits) such that σz |0〉 = −|0〉 and σz |1〉 =
|1〉. Both the basis states are related to each other
by |1,−1〉 = |0〉1|0〉2, |1, 1〉 = |1〉1|1〉2 and |1, 0〉 =
(|0〉1|1〉2 + |1〉1|0〉2)/
√
2.
Setting j = 1 in Eq. 11, the corresponding Floquet
operator is
U = exp
(
−ik
2
J2z
)
exp (−ipJy) . (16)
It can be seen that when k → k + 2pi one obtains
U → Ô U where Ô = exp (−ipiJ2z ) . (17)
Thus, U |ψj〉 → Ô U |ψj〉 where |ψj〉 is any vector in the
|j,m〉 basis. For j = 1 case, denoting the vector U |ψ1〉 =
[a, b, c]T . Operator Ô is diagonal in {|j = 1,m〉} basis i.e.
Ô = diag[−1, 1,−1]. However, in the standard two-qubit
basis it becomes
Ô =
−1 0 0 00 1/2 1/2 00 1/2 1/2 0
0 0 0 −1
 . (18)
Thus, it can be seen that even though Ô is unitary in
{|j = 1,m〉} basis, it is not so in the standard two-qubit
FIG. 3. (Color online) The von Neumann entropy (SV N ) is
displayed for a two-qubit (j = 1) kicked top with parameters
p = pi/2 and k = rpi/40 (r = 0 . . . 160). The color bar by the
side represents the color code for the von Neumann entropy
values. Note the 2pi periodicity in kick strength k as well as
the periodicity in time evident in this picture.
basis. This implies that Ô is not a local unitary but
it will seen now that its action on any state in {|j =
1,m〉} basis does not change the quantum correlations
among the qubits. Thus, in {|j,m〉} basis [a, b, c]T →
Ô[a, b, c]T = [−a, b,−c]T . It can be shown easily that
in the standard two qubit basis states, [a, b, c]T becomes
|χ1〉 = [a, b/
√
2, b/
√
2, c]T whereas [−a, b,−c]T becomes
|χ1〉′ = [−a, b/
√
2, b/
√
2,−c]T . Thus, we have,
|χ1〉 =a|1〉1|1〉2 + (b/
√
2) (|1〉1|0〉2 + |0〉1|1〉2)+
c|0〉1|0〉2 and
|χ1〉′ =− a|1〉1|1〉2 + (b/
√
2) (|1〉1|0〉2 + |0〉1|1〉2)−
c|0〉1|0〉2. (19)
It is seen that |χ1〉 and |χ1〉′ are related to each other by
a local unitary transformation, i.e., |χ1〉′ = −σz⊗σz |χ1〉.
Quantum correlation measures by definition are invariant
under local unitary operations [50]. Using concurrence
for two-qubit pure state [29] it can be seen to be equal
to 2|b2/2− ac| for both the states. These imply that the
correlations are invariant under the transformation k →
k + 2pi. This can be seen in Fig. 3 where von Neumann
entropy shows a periodicity of 2pi as a function of chaos
parameter k.
2. General j case
Let us consider the case of general j, beginning with
even integer value for j. Here, the corresponding opera-
6tor Ô = exp
(−ipiJ2z ) is diagonal matrix of order 2j + 1
in {|j,m〉} basis, i.e., Ô = diag[1,−1, . . . ,−1, 1]. The
transformation k → k + 2jpi gives U → Ô U . The opera-
tor Ô is diagonal matrix of dimension 2j + 1 in {|j,m〉}
basis i.e. Ô = diag[1,−1, . . . ,−1, 1]. Now, the basis
{|j,m〉} will be written in the standard basis of qubits.
For given value of m there are
(
2j
j+m
)
basis states super-
posed equally to form |j,m〉 where each of the basis state
is such that j + m/2 qubits are in up-state |1〉 and re-
maining j−m/2 qubits are in down-state |0〉. In this pa-
per, such a basis state will be called as m−particle state
since it is an eigenvector of the total spin operator Sz
with eigenvalue m. Thus, there are
(
2j
j+m
)
m−particle
states and the normalization constant after superpos-
ing all such m−particle states is 1/
√(
2j
j+m
)
. For exam-
ple, |j, 1〉 = (|1〉1|0〉2 . . . |0〉2j + |0〉1|1〉2 . . . |0〉2j + . . . +
|0〉1|0〉2 . . . |1〉2j)/
√(
2j
1
)
.
It is easily evident that Ô is a block-diagonal
matrix in {|j,m〉} basis and can be denoted as
diag[Ô0, Ô1, . . . , Ô2j ]. Similar to the j = 1 case, Ô
is unitary in {|j,m〉} basis but it is no longer unitary
when written in the standard 2j + 1 qubit basis. Thus,
Ô is not a local unitary. But, we will now show that
the quantum correlations remains invariant after Ô acts
on any state in the {|j,m〉} basis. Here, each Ôn
(n = 0, 1, . . .2j) is a square matrix of dimension
(
2j
n
)
and each element in it is equal to exp
(−ipin2) /(2jn),
where n = j + m takes values in the range 0 . . . 2j. It
should be noted that each Ôn is written in the set of
all n−particle states. The vector U |ψj〉, in the {|j,m〉}
basis, is denoted as [c0, c1, c2, . . . , c2j−1, c2j ]
T . The same
vector in the m−particle basis, m = −j to j, becomes
|χj〉 = [c′0, c′1, c′1, . . . , c′2j−1, c′2j−1, c′2j ]T . In this, c′n =
cn/
√(
2j
j+m
)
and each c′n occurs
(
2j
n
)
times in a sequence.
Thus, Ô|χj〉 = diag[Ô0, Ô1, . . . , Ô2j ][c′0, c′1, c′1, . . . , c′2j ]T .
Thus, it is seen that the matrix Ô0 having dimension
one gets multiplied by the column vector of dimention
one containing c′0, the matrix Ô1 having dimention
(
2j
1
)
gets multiplied by the column vector of dimention
(
2j
1
)
having c′1 as its element at all the rows and so on. Thus,
in general the matrix Ôn of order
(
2j
n
)
gets multiplied by
the column vector of length
(
2j
n
)
having c′n as its element
at all the rows.
Let us denote this (unnormalized) column vector by
|ξnj 〉 = [c′n, c′n, . . . , c′n]T . As pointed out earlier, Ôn
is square matrix of order
(
2j
n
)
with matrix elements
exp
(−ipin2) /(2jn ). This leads to
Ôn|ξnj 〉 = exp
(−ipin2) [c′n, c′n, . . . , c′n]T . (20)
Thus, the final product becomes
Ô|χj〉 = [c′0,−c′1,−c′1, . . . ,−c′2j−1,−c′2j−1, c′2j ]T . (21)
FIG. 4. (Color online) (top) von Neumann entropy (SV N)
of kicked top which is partitioned as a single qubit and
two qubits, (bottom) quantum discord (D) between any two
qubits. Both are plotted as function of kick strenght k and
time. In this, j = 3/2. The values of von Neumann entropy
and discord are color coded using the color map shown by the
side.
When tranformed to {|j,m〉} basis, it becomes
[c′0,−c′1, c′2, . . . ,−c′2j−1, c′2j ]T . It can also be written as∑2j
n=0(−1)nc′n|j, j − n〉. Here j is even and using the
properties of |j, j − n〉 it becomes
(
2j∏
i=1
⊗σiz
)
|j, j − n〉 = (−1)n|j, j − n〉, (22)
7FIG. 5. (Color online) (top) Concurrence (C12) between any
two qubits, (bottom) 3-tangle (τ ). Both are plotted as func-
tion of kick strenght k and time. In this, j = 3/2. The con-
currence and 3-tangle values are color coded using the color
map shown by the side.
where the superscript denotes the qubit position. Thus,
2j∑
n=0
(−1)nc′n|j, j − n〉 =
(
2j∏
i=1
⊗σiz
)
2j∑
n=0
c′n|j, j − n〉
=
(
2j∏
i=1
⊗σiz
)
[c′0, c
′
1, c
′
1, . . . , c
′
2j−1, c
′
2j−1, c
′
2j ]
T
=
(
2j∏
i=1
⊗σiz
)
|χj〉.
FIG. 6. (Color online) Same as Fig. 4 for j = 2.
Hence,
Ô|χj〉 =
(
2j∏
i=1
⊗σiz
)
|χj〉 (23)
which implies
ÔU |ψj〉 =
(
2j∏
i=1
⊗σiz
)
U |ψj〉. (24)
Clearly, for the case of even j as well, the two states are
related to each other by local unitary operations. Relying
on the invariance of the quantum correlation measures
under local unitary operations [50], which in this context
implies invariance under k → k + 2jpi, it is inferred that
the quantum correlations are periodic as a function of k
with period 2jpi. It must emphasized that the quantum
8FIG. 7. (Color online) (top) Concurrence (C12) between any
two qubits and (bottom) Meyer and Wallach Q measure for
j = 2. It is color coded using the color map shown by the
side.
correlations are periodic in k even for large value j, i.e,
in the semiclassical limit as well. Similar result can be
proved for the case of odd and half-integer values of j.
This can be seen in the simulation results displayed in
Figs. 4, 5, 6 and 7, where various quantum correlations
show periodicity of 2jpi as a function of chaos parameter
k. Here, the initial coherent state is positioned at θ = 2.5
and φ = 1.1 for all values of k. It should be emphasized
here that this result is valid only for any initial state |ψj〉
in the symmetric subspace spanned by the basis states
{|j,m〉} which may or may not be an eigenstate of Jz. It
should also be noticed from Eq. (23) that the operator Ô
is non-unitary in the qubit basis while
∏2j
i=1⊗σiz a local
unitary operator in the same basis. However, the result
0 5 10 15 20
j
20
40
60
k m
a
x
FIG. 8. (Color online) Maximum value of chaos parameter
kmax = jpi such that phase space effects on quantum correla-
tions is unique as a function of number of qubits j.
of their actions on the state |ψj〉 are equal.
V. REFLECTION SYMMETRY IN k AND
EXPERIMENTAL CONSEQUENCES
Now, consider two different values of chaos parameters
k1 and k2 such that 0 ≤ k1 ≤ jpi and jpi ≤ k2 ≤ 2jpi.
Further, they are related by k2 = 2jpi − k1 represent-
ing a reflection symmetry about jpi. As the quantum
correlations are periodic in k with a period of 2jpi, the
time evolution of quantum correlations at k = k2 is iden-
tical to that at k = −k1. As mentioned in Sec. III,
the phase space for k and −k are isomorphic to each
other and are related by the transformation θ → pi − θ.
This implies that if an initial state is evolved for k = k2
then it is equivalent to the evolution of initial state for
k1 = 2jpi − k2 provided the initial positions of both the
coherent states are related by θ → pi − θ. We will call
this a signature of phase space.
Thus, the combination of 2jpi periodicity and symme-
try in k results in quantum correlations that are sym-
metric about k = jpi. In other words, for fixed value
of j, the maximum value of chaos parameter kmax for
which the phase space effects are unique is jpi. Beyond
k = kmax, the observed structure repeats itself. The
maximum chaos parameter k = kmax for the given num-
ber of qubits in the top is shown in Fig. 8. This result has
implications for kicked top experiments. If two qubits are
used to represent the kicked top, i.e. j = 1, then one can
observe the unique signatures of the phase space only up
to k = pi. If three qubits are used, as done in the case of
a recent experimental realization reported in Ref. [19],
one can observe the unique signatures of the phase space
only upto k = 3pi/2 ≈ 4.71 and so on.
9VI. TIME PERIODICITY OF QUANTUM
CORRELATIONS FOR j = 1
It can be seen from Fig. 3 that the von Neumann en-
tropy also exhibits periodicity in time for certain values
of k. A similar effect, quasi-periodicity of entanglement,
was also observed in Refs. [7, 10]. The quantum discord
between any two qubits was numerically shown to display
quasi-periodic modulations for initial states localized in
the regular regions [17]. It was also pointed out that all
the quantum expectation values are quasi-periodic in in
time due to the discreteness of the spectrum of Floquet
operator [49]
In this section, the j = 1 case is considered and it is
shown analytically that when k is a rational multiple of
pi, and p takes value from the set {0, pi/2, pi, 3pi/2, 2pi},
the quantum correlations show periodic nature. We note
that in the experiments reported in Refs. [2, 19], p = pi/2
is used. In Fig. 3 the von Neumann entropy is plotted for
p = pi/2 and k = rpi/40 such that r = 0, 1, . . ., 160. This
gives the time period as 160. This section is devoted to
explaining this observation. Starting from Eq. (16) the
matrix elements of the corresponding Floquet operator
can be determined and assembled in matrix form.
A. Case of p = pi/2
If p = pi/2, then the Floquet operator reduces to
U =

e−ik/2
2
−e−ik/2√
2
e−ik/2
2
1/
√
2 0 −1/√2
e−ik/2
2
e−ik/2√
2
e−ik/2
2
 . (25)
Its eigenvalues are {e−ik/2,−i e−ik/4, i e−ik/4} and
the corresponding eigenvectors are [1/
√
2, 0, 1/
√
2]T ,
[−1/2,−i eik/4/√2, 1/2]T and [−1/2, i eik/4/√2, 1/2]T
respectively. Using these the Floquet operator for nth
time can be obtained which is given as follows:
Un =
1
4

2 e−ikn/2 +
(−ie−ik/4)n + (ie−ik/4)n (−ie−ik/4)n − (ie−ik/4)n
i 2−1/2 eik/4
2 e−ikn/2 − (−ie−ik/4)n − (ie−ik/4)n(−ie−ik/4)n − (ie−ik/4)n
−i 2−1/2 e−ik/4 2
((−ie−ik/4)n − (ie−ik/4)n) (−ie−ik/4)n − (ie−ik/4)n
i 2−1/2 e−ik/4
2 e−ikn/2 − (−ie−ik/4)n − (ie−ik/4)n (−ie−ik/4)n − (ie−ik/4)n−i 2−1/2 eik/4 2 e−ikn/2 + (−ie−ik/4)n + (ie−ik/4)n
 .
(26)
Now, we will consider the case of k = rpi/s, for various
choices of integral values of r and s. It will be proved that
if r is odd then the time period of quantum correlations
is T = 4s, otherwise it is T = 2s.
Odd r : If r is odd integer and time n = 4s, the Eq.
26 simplifies to
U4s =
0 0 10 −1 0
1 0 0
 . (27)
Thus, U4s[a, b, c]T = [c,−b, a]T . In the two-qubit basis,
this becomes
c|1〉1|1〉2 − (b/
√
2)(|1〉1|0〉2 + |0〉1|1〉2) + a|0〉1|0〉2. (28)
Now, this can be rewritten in the following form;
(σz ⊗ σz)(σx ⊗ σx)(a|1〉1|1〉2+
(b/
√
2)(|1〉1|0〉2 + |0〉1|1〉2) + c|0〉1|0〉2).
(29)
Hence, [c,−b, a]T = (σz ⊗ σz)(σx ⊗ σx)[a, b, c]T imply-
ing that the two states are related to each other by local
unitary transformation supporting the claim for the pe-
riodicity of quantum correlations.
Even r : In the case of even r, using Eq. (26), one
obtains
U2s =

1− (−1)r/2
2
0
1 + (−1)r/2
2
0 −(−1)r/2 0
1 + (−1)r/2
2
0
1− (−1)r/2
2
 . (30)
There are two cases depending on the value of r. If r is
odd multiple of two, then
U2s =
1 0 00 1 0
0 0 1
 (31)
which is an identity matrix implying the periodicity of
quantum correlations. If r is even multiple of two, then
U2s =
0 0 10 −1 0
1 0 0
 . (32)
Thus, U2s[a, b, c]T = [c,−b, a]T . In the two-qubit ba-
sis [c,−b, a]T is equal to c|1〉1|1〉2 − (b/
√
2)(|1〉1|0〉2 +
|0〉1|1〉2)+a|0〉1|0〉2. Again using the formula for concur-
rence for two-qubit pure state [29] one obtains 2|b2/2−ac|
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for both the states, thus proving the claimed periodicity
of quantum correlations. It can be shown that the same
results hold true for p = 3pi/2.
B. Case of p = pi
For p = pi the Floquet operator reduces to 0 0 e−ik/20 −1
e−ik/2 0 0
 . (33)
Its eigenvalues and eigenvectors are respectively
given as {−e−ik/2, e−ik/2,−1}, [−1/√2, 0, 1/√2]T ,
[1/
√
2, 0, 1/
√
2]T and [0, 1, 0]T . Thus, using them the
Floquet operator for nth time can be obtained and is
given as follows:
Un =
1
2
α 0 β0 (−1)n 0
β 0 α
 . (34)
where α =
(−e−ik/2)n + (e−ik/2)n and β =
− (−e−ik/2)n + (e−ik/2)n. Consider the case of chaos
parameter k = rpi/s. It will be proved that if r is odd
then the time period of quantum correlations is T = 2s,
otherwise, it is T = s.
Odd r : In this case using Eq. (34) one obtains:
U2s =
−1 0 00 1 0
0 0 −1
 . (35)
It can be seen that U2s is a diagonal matrix and it is
shown in an identical case in Sec. IV that quantum cor-
relations are invariant under its action. Apart from this
periodicity of 2s additional temporal periodicity is also
found. For initial separable state the quantum corre-
lations at times t = s + l and t = s − l are same for
1 ≤ l ≤ s− 1. This argument can be extended to t > 2s.
Details of the derivation of this result are given in Ap-
pendix A.
Even r : Consider the case of even r which implies
odd s. It will be now shown that the period is s. Using
Eq. (34) one obtains:
Us =
0 0 ir0 −1 0
ir 0 0
 . (36)
Thus, if r is odd multiple of 2 then Us[a, b, c]T =
[−c,−b,−a] otherwise Us[a, b, c]T = [c,−b, a]. It can
be seen easily that the concurrence for both the state
is 2|b2/2− ac| proving the claimed periodicity.
In this case, apart from this periodicity of s, additional
temporal periodicity is found. For the initial separable
state the quantum correlations at times (s−2l−1)/2 and
(s+2l+1)/2 are same for 1 ≤ l ≤ (s−3)/2. Details of the
derivation of this result are given in Appendix B. It can
be shown that the same results holds true for p = 0 and
2pi. It should be pointed here that no such time period-
icity was observed for j > 1 (as also shown in Fig. 4, 5, 6
and 7) even if t >> 1. It should also be pointed that these
periodicities in k, and that of time for the case j = 1, of
quantum correlations are of purely quantum origin and
are independent of the underlying classical phase space.
VII. SUMMARY
Quantum kicked top is a fundamental model of Hamil-
tonian chaos and has been realized experimentally in var-
ious distinct test-beds, namely, the hyperfine states of
cold atoms, coupled superconducting qubits and recently
in a two-qubit system using Nuclear Magnetic Resonance
techniques [51]. This model advantage that it can be rep-
resented in terms of qubits and lends itself naturally to
theoretical studies on the connections between quantum
correlation measures and classical dynamical properties.
With increasing interest in the experimental results us-
ing quantum kicked top [4, 5], this paper presents new
results on the periodic behaviour of quantum correlation
measures (using j spins to represent the kicked top) as a
function of either time or kick strength when certain con-
ditions are satisfied. Due to the periodicity of quantum
correlations, experimentally it is sufficient to explore the
parameter space corresponding to the basic unit. This
work provides an upper bound on the parameter values
corresponding to this basic unit.
In particular, it is shown analytically as well as demon-
strated numerically that, for a given initial quantum
state, the quantum correlations are periodic in kick
strength k with a period given by κ = 2jpi. A special case
of this result was reported in Ref. [7]. Since this is valid
for large j, periodicity in k is seen in the semiclassical
limit as well. This has also been verified through numer-
ical simulations for bipartite measures of entanglement
like the von Neumann entropy, quantum discord and con-
currence. Similar numerical results have also been ob-
tained for the multipartite entanglement measures such
as 3-tangle and Meyer and Wallah Qmeasure. The phase
space of the kicked top for any given value of k is isomor-
phic to that at −k. This observation, when combined
with the periodicity of κ = 2jpi shows that the unique
signatures of phase space are obtained only in the range
[0, jpi]. This can guide experimental implementations of
the kicked top on the appropriate choice of parameters,
given the value of j.
Temporal periodicity of quantum correlations are an-
alytically shown to arise for j = 1 (two qubit case)
if k = rpi/s, where r and s are integers if the angu-
lar frequency p can take any of the values from the set
{0, pi/2, pi, 3pi/2, 2pi}. In the case of p = pi/2, the period
is shown to be T = 4s for odd r otherwise it is T = 2s,
whereas for p = pi the period is shown to be T = 2s
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for odd r otherwise it is T = s. In the case of p = pi
(same results hold true for p = 2pi) additional temporal
periodicity are proved. If the initial state is separable
then for odd r it is shown that quantum correlations are
same at t = s+ l and t = s − l such that 1 ≤ l ≤ s − 1.
Whereas the same is true for even values of r at times
(s−2l−1)/2 and (s+2l+1)/2 such that 1 ≤ l ≤ (s−3)/2.
These results can be extended for times longer than the
respective time periods T .
The case of j = 1 has one more experimental implica-
tion. Kicked top experiments are limited by the coher-
ence time τcoh, which is typically not large. The entire
experiment including the read-out should be completed
by this timescale. If k = rpi/s and p is chosen from the
set {0, pi/2, pi, 3pi/2, 2pi}, then the period T of quantum
correlations as a function of time is known from the re-
sults obtained in this work. Thus, the relevant time scale
for the experiments is min(τcoh, T ). This implies that in
some cases T can be made smaller than τcoh effectively
improving the reliability of the experimental results.
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Appendix A: Derivation of additional temporal
periodicity for p = pi and odd r
In this Appendix additional temporal periodicity for
p = pi and for odd r in the value of k = rpi/s will be
proved. It will be proved that if the initial state [a, b, c]T
is separable then the quantum correlations at time t =
s + l and t = s − l are same for 1 ≤ l ≤ s − 1. We will
restrict ourselves to time interval [0, 2s] and the argument
can be extended to t > 2s. Consider the case of odd l.
Then, s± l will be odd. Thus, using Eq. (34) one obtains
Us±l =
 0 0 e−ir(s±l)pi/2s0 −1 0
e−ir(s±l)pi/2s 0 0
 . (A1)
This implies
Us±l[a, b, c]T = [c e−ir(s±l)pi/2s,−b, a e−ir(s±l)pi/2s].
(A2)
This can be written in the two-qubit basis as follows:
c e−ir(s±l)pi/2s|1〉1|1〉2 − (b/
√
2) (|1〉1|0〉2 + |0〉1|1〉2)
+a e−ir(s±l)pi/2s|0〉1|0〉2. (A3)
Concurrences for 2−qubit pure states in Eq. (A3) are
2|b2/2− a c e−i r (s±l)pi/s|. Since the initial state [a, b, c]T
is separable the concurrence formula gives ac = b2/2, the
concurrence becomes
2|ac| |1− e−ir(s±l)pi/s|
= 2|ac|
√
2 (1− cos (rpi ± rlpi/s)). (A4)
The cosines of both these angles are same since they are
reflection of each other about x-axis. Similarly, it can be
shown for even l that the quantum correlations at times
t = s+ l and t = s− l are same.
Appendix B: Derivation of additional temporal
periodicity for p = pi and even r
In this Appendix additional temporal periodicity for
p = pi and for even r in the value of k = rpi/s will be
proved. It will be proved that if the initial state [a, b, c]T
is separable then the quantum correlations at times (s−
2l−1)/2 and (s+2l+1)/2 are same for 1 ≤ l ≤ (s−3)/2.
Consider the case of even (s − 2l − 1)/2 which implies
(s+2l+1)/2 is odd since the difference between them is
2l+ 1. Thus, using Eq. (34) one obtains:
U (s−2l−1)/2 =
e−ir(s−2l−1)pi/(4s) 0 00 1 0
0 0 e−ir(s−2l−1)pi/(4s)

(B1)
whereas
U (s+2l+1)/2 =
 0 0 e−ir(s+2l+1)pi/(4s)0 −1 0
e−ir(s+2l+1)pi/(4s) 0 0
 .
(B2)
This gives
U (s−2l−1)/2[a, b, c]T =
[a e−ir(s−2l−1)pi/(4s), b, c e−ir(s−2l−1)pi/(4s)]T
(B3)
while
U (s+2l+1)/2[a, b, c]T =
[c e−ir(s+2l+1)pi/(4s),−b, a e−ir(s+2l+1)pi/(4s)]T .
(B4)
The concurrence for these states are then
2|b2/2− a c e−ir(s−2l−1)pi/(2s)| and
2|b2/2− a c e−ir(s+2l+1)pi/(2s)|
respectively. Since the initial state [a, b, c]T is separable
implies ac = b2/2. Then the concurrences becomes
2|ac| |1− e−ir(s−2l−1)pi/(2s)| and
2|ac| |1− e−ir(s+2l+1)pi/(2s)|
respectively which can be written as
2
√
2|ac| |1− cos (r(s − 2l− 1)pi/(2s)) | and
2
√
2|ac| |1− cos (r(s + 2l+ 1)pi/(2s)) |
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respectively. It can be seen that for r even
cos (r(s − 2l− 1)pi/(2s)) and cos (r(s+ 2l+ 1)pi/(2s))
are equal since the angles are reflection of each other
about x-axis. Similarly, this result can be proved for odd
(s− 2l − 1)/2.
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